Introduction
Class numbers of orders in quadratic fields, or, what amounts to the same, of binary quadratic forms, have been studied extensively in literature. Just as examples we quote [15] and [14] . In this paper we consider the class numbers of orders in cubic fields. We state our result. A cubic field is either totally real or it has one real and two complex embeddings. We call it complex in the latter case. Fix two distinct primes p and q. Let C(p, q) denote the set of all complex cubic number fields F in which p and q are non-decomposed. Next let O(p, q) be the set of all orders O of fields in C(p, q) which are maximal orders at p and q. 
The main theorem
Let O be an order in a number field F . Let I(O) be the set of all finitely generated O-submodules of F . According to the Jordan-Zassenhaus Theorem [13] A number field F of degree 3 over the rationals is also called a cubic field. Consider the set of embeddings into C of a given cubic field. This set has three elements and is permuted by the complex conjugation. It follows that either all three embeddings are real in which case the field is called totally real or one of them is real and the other two are complex, in which case the field is called complex.
Let F be a complex cubic field. Since the order of the Galois group of F/Q has to divide the degree, which is 3 it is either 1 or 3. In the latter case the extension would be galois, so the Galois group would act transitively on the set of embeddings of F into the complex numbers. Especially, all embeddings would be either real or complex. Since this is not the case it follows that the automorphism group of a complex cubic field is trivial.
Let F be a complex cubic field and let O be an order of F then the group of units satifies
for some base unit ǫ. The image of the base unit under the real embedding will be of the form ±e ±R(O) , where R(O) is the regulator of O (see [10] ). Set
A prime number p is called non-decomposed in F if there is only one place in F lying above p. Fix two distinct prime numbers p, q and let C(p, q) be the set of all complex cubic fields F such that the primes p and q are nondecomposed in F . For F ∈ C(p, q) let O F (p, q) be the set of all orders O in F that are maximal at p and q, i.e. are such that the completion
The following is our main theorem
or, more precisely
where li(x) = This theorem will be proved in the following sections.
Simple algebras of prime degree
The results of this section can be generalized mutatis mutandis to to simple algebras of arbitrary degree. But since the general formulation becomes pretty involved and on the other hand in this paper only the case of degree 3 will be needed, we restrict in this sectio to prime degree > 2.
Let d be a prime > 2. Let M(Q) denote a central simple algebra of degree
× denote the multiplicative group of invertible elements in M(R). We say that M(Q) splits over a prime p if M(Q p ) is not a division algebra. Since d is a prime we then get an isomorphism M(Q p ) ∼ = Mat d (Q p ) (see [11] ). Further, since there are no associative division algebras over the reals of degree d it follows that M(R) ∼ = Mat d (R). For any ring R the reduced norm induces a map det :
Then G is a simple linear algebraic group over Z. Let G = G(R), then G is isomorphic to SL d (R). Let S be the set of places of Q where M(Q) does not split. In the case when M(Q) is isomorphic to Mat d (Q) the set S is empty. The set S always is finite and contains only finite places. For any prime p we have that
Let F/Q be a finite field extension which embeds into M(Q). By the Skolem-Noether Theorem ( [13] , Thm 7.21), any two embeddings
for any x ∈ F . A prime p is called non-decomposed in the extension F/Q if there is only one place v of F lying above p.
Lemma 2.1 Let F/Q be a nontrivial finite field extension. Then F embeds into M(Q) if and only if [F : Q] = d and every prime
By Proposition 13.3 in [11] it follows that F is a splitting field of M(Q). Then by Theorem 32.15 of [13] it follows that for every p ∈ S and any place v of F over p we have [F v : Q p ] = d, which by the degree formula implies that there is only one v over p. The other way round let p ∈ S, then there is only one place v above p. Let e be the ramification index of p in F and f the inertia degree then
by the global resp. local degree formula. By [13] , Theorem 32.15 this implies that F is a splitting field. By Proposition 13.3 of [11] we infer that F embeds into M(Q).
Q.E.D.
Let F/Q be a field extension of degree d which embeds into M(Q). Then for any embedding σ : F → M(Q) the set
is an order of F . For p ∈ S let v p denote the unique place of F over p. 
, hence by Theorem 12.8 of [13] it coincides with the integral closure of
For the reverse direction, let O be an order of F such that the completion O vp is maximal for each p ∈ S. Fix an embedding F ֒→ M(Q) and consider
This will rpove the proposition since one then can take σ to be the conjugation by u.
Let O 1 = F ∩M(Z). Since O and O 1 are orders they both are maximal at all but finitely many places. So there is a finite set of primes T with T ∩S = ∅ and such that with T F denoting the set of places of F lying over T we have that for any plave v of F with v / ∈ T F the completion O v is maximal and
By the Noether-Skolem Theorem [13] 
let F be a field extension of Q of degree d which embeds into M(Q). Let O be an order of F , which is maximal at each place in S. Let I(O) be the set of finitely generated O-submodules of F . Then the multiplicative group 
Lemma 2.3 The quotient Σ(O)/M(Z)
× is finite and has cardinality equal to the class number h(O).
Proof: Fix an embedding F → M(Q) and consider F as a subfield of M(Q)
Let U be the set of all u ∈ M(Q) × sucht that
Then F × acts on U by multiplication from the right and M(Z) × acts by mutliplication from the left. It is clear that
So we only have to show that the left hand side equals h(O). For u ∈ U let
Then I u is a finitely generated O-module in F . We claim that the map Ψ : u → I u gives a bijection
The map is clearly well-defined. To prove injectivity let u, u ′ ∈ U with I u = λI u ′ for some λ ∈ F × . This implies
We will show that z ∈ M(Z) × . It suffices to show that at each prime p seperately. Let first p be a prime outside S. Then M(Z p ) = Mat d (Z p ) and by elementary divisor theory there are matricies x, y ∈ M(Z p ) such that
where diag denotes the diagonal matrix and
Replacing u by y −1 u we may assume that z = diag(p k 1 , . . . , p k d ). Since V = F u −1 is spanned by invertible elements the condition V ∩M(Z) = V ∩M(Z)z then leads to k 1 = · · · = k d = 0, which implies the claim at p. Next let p ∈ S then M(Q p ) is a division algebra and so M(Q p ) = Q p M(Z p ) which implies the claim at p.
For the surjectivity of Ψ let I ⊂ O be an ideal. We shall show that there is a u ∈ M(Q) × such that
and
We shall do this locally. First note that, since I is finitely generated, there is a finite set of primes T with T ∩ S = ∅ such that for any p / ∈ T ∪ S the completion I p equals O p which equals the maximal order of F p . For these p setũ p = 1.
Next let p ∈ S. Let v p be the unique place of F over p. Then O p = O vp is maximal, so it is the valuation ring to v p and I p = π k p O p for some k ≥ 0, where π p is a uniformizing element in O p . Hence, at this p, the element u p = π k p Id will do the job. 
where ǫ i ∈ {0, 1}. Let S be a matrix in GL d (Z p ) which reduces toS modulo p and letũ
. By abuse of notation write alsoũ p for its reduction modulo p, then
and by Theorem 18.6 of [13] it follows I p ∼ = Iũ p , which implies that there is λ ∈ F p such that I p = Iũ p λ. Replacingũ p byũ p λ and settingũ = (ũ p ) p ∈ M(A f in ) we get
By strong approximation there is a u ∈ M(Q) × such that M(Ẑ)u = M(Ẑ)ũ and there fore I = I u .
We will summarize the results of this section in the following
Proposition 2.4 Let d be a prime > 2. Let F/Q be an extesion of degree d, then F embeds into the algebra M(Q) of degree d if and only if every prime p, at which M(Q) does not split is non-decomposed in F . Every embedding σ : F → M(Q) gives by intersection with M(Z) an order O σ in F . Every order O of F which is maximal at each p where M(Q) is non-split, occurs this way and the number of M(Z) × -conjugacy classes of embeddings giving rise to O equals the class number h(O).

Analysis of the Ruelle zeta function
From now on we restrict to the case d = 3. Let Γ = G(Z), then Γ forms a discrete subgroup of G = G(R) ∼ = SL 3 (R). Let g 0 be the real Lie algebra of G and let g = g 0 ⊗ R be its complexification. A subgroup Σ of G is called weakly neat if it is torsion free and for each σ ∈ Σ the adjoint Ad(σ) ∈ GL(g) does not have a root of unity as eigenvalue except 1. In other words, a torsion free group Σ is weakly neat if for every σ ∈ Σ and every n ∈ N the connected component G Proof: Let γ ∈ Γ, γ = 1, then the centralizer M(Q) γ of γ in M(Q) is a division subalgebra of M(Q). So it is either Q, a cubic number field or M(Q).
It cannot be Q since it contains γ and if γ would be in Q then it would be central so its centralizer would be M(Q). It can also not be M(Q) since then γ is in Q1, say γ = r1 and then 1 = det(γ) = r 3 , hence γ = 1 which was excluded. So it follows that M(Q) γ equals a cubic field F . Note that this implies that γ cannot be a root of unity, since a cubic field does not contain roots of unity other than ±1. This shows that Γ is torsion free. Moreover
1 the norm one elements, which is a torus, so γ is regular.
We have g 0 = sl 3 (R) and g = sl 3 (C). Let b be the Killing form on g, then
Let K ⊂ G be the maximal compact subgroup SO(3). Let k 0 ⊂ g 0 be its Lie algebra and let p 0 ⊂ g 0 be the orthogonal space of k 0 with respect to the form b. Then b is positive definite on p 0 and thus defines a G-invariant metric on X = G/K, the symmetric space attached to G. Since Γ is torsion-free it acts without fixed points on the contractible space X, so X Γ = Γ\X is the classifying space of Γ, especially it follows that Γ is the fundamental group of X Γ . We get a natural bijection free homotopy classes of maps
For each conjugacy class [γ] let X γ denote the union of all geodesics lying in the homotopy class [γ] of γ. Then it is known [5] that all geodesics in [γ] have the same length l γ and X γ is a submanifold of X Γ diffeomorphic to Γ γ \G γ /K γ , where G γ and Γ γ are the centralizers of γ and K γ is a maximal compact subgroup of G γ . Up to conjugacy the group G has two Cartan subgroups, namely the group of diagonal matrices and the group H = AB, where
Let P denote the parabolic * * 0 0 * . It has a Langlands decomposition P = MAN and B is a compact Cartan of
|t > 0} and let E P (Γ) be the set of all conjugacy classes [γ] in Γ such that γ is in G conjugate to an element a γ b γ of A − B. An element γ ∈ Γ is called primitive if for σ ∈ Γ and n ∈ N the equation σ n = γ implies that n = 1. Every γ ∈ Γ with γ = 1 is a positive power of a unique primitive element γ 0 . We write γ = γ µ(γ) 0 and call µ(γ) the multiplicity of γ. clearly primitivity is a property of the conjugacy class. Let E p P (Γ) denote the set of all primitive elements of E P (Γ). For s ∈ C with Re(s) >> 0 let
be the Ruelle-zeta function attached to P . In [4] it is shown that R Γ (s) converges for Re(s) >> 0 and that it extends to a meromorphic function on the plane. We will show: + iR.
Proof: For any finite dimensional representation σ of M let
where n = Lie C (N) and S n (a γ b γ |n) is the n-th symmetric power of the adjoint action of a γ b γ on n. In [4] it is shown that Z P,σ extends to a meromorphic function and that all its poles and zeros lie in R ∪ (
) .
the convex hull of the ρ P ′ , so it follows Re(∧ π )| a ∈ [−ρ P , ρ P ] in this case. For S = P and w ∈ W we have w(∧ ξ + ν) = w(∧ ξ ) + w(ν).Since taking restrictions is a projection it follows Re(w(ν))| a ∈ [−ρ P , ρ P ]. Further, since ξ is a discrete series or limit of discrete series representation it follows that ∧ ξ is real, which, since t 0 is imaginary, implies that w(∧ ξ )| a is imaginary. The lemma is proven. Q.E.D.
To prove the proposition and the theorem let π = triv be the trivial representation of G then the spave H 0 (n, π K ) = π K /nπ K is one dimensional with trivial a-action. This gives a simple zero at s = 1. The representations π = triv do only contribute at Re(s) ∈ [ 1 4 , 3 4 ] since for those π the infinitesimal character ∧ π satisfies Re(∧ π | a ) ∈ [− 1 2 ρ P , 1 2 ρ P ], as can be read off from the classification ofĜ as in [16] .
Q.E.D. Proof: The first two follow from Theorem 3.2 by the usual methods of analytic number theory [6] , [8] , [14] . The last one is gotten similar to [12] .
Asymptotics of closed geodesics
We now finish the proof of the main theorem (1.1). For this we have to find a division algebra M(Q) such that π p,q (x) = π(x). Firstly, there is a division algebra M(Q) of degree 3 such that the set of places at which M(Q) is non-split, coincides with the set {p, q}. This algebra is gotten by taking the local Brauer-invariants at p and q to be equal to and zero everywhere else ( [11] , Theorem 18.5). Next we have a bijection
where F γ is the centralizer of γ in M(Q). Under this bijection the length l γ is transferred to log r(O). The theorem follows. Q.E.D. 
